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Abstract. In this paper, we considered the problem of finding the upper bound Haus- 
dorff matrix operator from sequence spaces l p (v) (or d(v,p)) into l p (w) (or d(w, /?)). 
Also we considered the upper bound problem for matrix operators from d(y,l) into 
d(w, 1), and matrix operators from e(w,°°) into e(v,°°), and deduce upper bound for 
Cesaro, Copson and Hilbert matrix operators, which are recently considered in 1 5 1 and 
|6| and similar to that in 1101 . 
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1. Introduction 

We study the norm of a certain matrix operator on l p (w) and Lorentz sequence spaces 
d(w,p), p>l, which is considered in |2| on l p spaces and in 1 6 7 8 ] and |9| on l p (w) and 
d(w,p) for some matrix operator such as Cesaro, Copson and Hilbert operators. 

Let l p be the normed linear space of all sequences x — (x n ) with finite norm ||x|| „, where 




Let w = (w„) be a sequence with positive entries. For p > 1, we define the weighted 
sequence space l p (w) as follows: 

with norm, || • \\ p , w , which is defined as follows: 

\\x\\ w , P =^iwn\Xn\ p) J ■ 

Also, if w — (w„) is a decreasing sequence of positive number such that rim„^oc,w„ = 
and L5T=i w n = °°> men die Lorentz sequence space d(w,p) is defined as follows: 

d(w,p) = < (x„): £ w n x*/ < oo 1 , 
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where (x*) is the decreasing rearrangement of (|x„|). In fact d(w,p) is the space of null 
sequences x for which x* is in l p (w), with norm ||jt||,f( Wi p) = ||x*|| vl , /5 . 

Let XI =x\ H \-x* k and Wk = W\ H h w^. We define the weighted sequence space 

e(w,°°) as follows: 

e(w,oo) = |(x„): su P^r < 00 1 . 

with norm || • || WOO) which is defined as follows: 

X* 

IMk=o = sup-|-. 

Our objective in §2 is to give a generalization of some results obtained by Bennett 1 1121 
and Jameson and Lashkaripour |6), for Hausdorff matrix operators on the weighted 
sequence space. In §3 we try to solve the problem of finding the norm of matrix operators 
from d{v, 1) into d(w, 1), and matrix operators from e(w,°°) into e(v,°°), and we deduce 
upper bound for certain matrix operators such as Cesaro, Copson and Hilbert operators. 



2. Hausdorff matrix operator on l p (w) and d(w,p) 

In this section, we consider the Hausdorff matrix operator H(fi) = (hj^), such that 



hj, k =( U-i 



A'- k a k , if l<k<j, 



k-l / 

0, if * > j, 

where A is the difference operator; that is 

Aa k = a k ~a k+l , 

and (a k ) is a sequence of real numbers, normalized so that a\ = l. 
If 



■■ [ d^dufd), fe = 1,2, 
Jo 



where fi is a probability measure on [0, 1], then for all j,k = 1,2, . . ., we have 



hj,k = 



ill) Jo -8)^(0), if l<^<; 
0, if > j 



The Hausdorff matrix contains the famous classes of matrices. These classes are as 
follows: 

(i) Choice djx(9) = a(l — 9) a ~ l d9 gives the Cesaro matrix of order a. 

(ii) Choice djj.(9) = point evaluation at 9 = a gives the Euler matrix of order a. 

(iii) Choice dju(0) = |lo |^"~ d9 gives the Holder matrix of order a. 

(iv) Choice djj,(9) — a9 a ~ l d9 gives the Gamma matrix of order a. 
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The Cesaro, Holder and Gamma matrices have non-negative entries, whenever a > 0. 
Also the Euler matrix is non-negative, when < a < 1 . So, if we obtain the norm of the 
Hausdorff matrix, then it is also an upper bound for the above matrices. 

Now consider the operator A defined by Ax = y, where y, = Y4=\ a i,i x i- We write 
IkMlv.wy? f°i" the norm of A as an operator from l p (v) into l p {w), and ||A|| H ., p for the norm 
of A as an operator from l p (w) into itself, and ||A|| p for the norm of A as an operator from 
lp into itself, and ||A|| rf ( w/ ,) for the norm of A as an operator from d(w,p) into itself. 

The following conditions are needed to convert statements for l p (w) to ones for d(w,p). 
We assume throughout that 

(1) For all i,j,ajj > 0. 

(2) For all subsets M.N of natural numbers having m,n elements respectively, we have 

m n 

L L °ij EE 

ieM jeN i'=l ;'=1 

(3) YX=\ w i a i,i i s convergent. 

Condition (1) implies that |A(x)| < A(|^:|) and hence the non-negative sequences are 
sufficient to determine norm of A. 

PROPOSITION 2.1. 

Let p > 1 and A — (au) be an operator with conditions (1) and (2). Then 

M*)\\d{wj,) < \\Mx*)\\d( w ,p), 

for all non-negative elements x of d(w,p). Hence decreasing, non-negative elements are 
sufficient to determine norm of A. 

Condition (3) ensured that at least finite sequence are mapped into d(w, 1). 

PROPOSITION 2.2. (Lemma 1 of 0) 

Let p>l and A = (a,j) be an operator with non-negative entries. Also, let A map d(w,p) 
into itself. If for x G d(w,p), we set Ax — y such that y,- = Y!j=i a i,j x j< tnen the following 
conditions are equivalent: 

(a) yi > y2 _! • • • > when x\ > X2 > • • • > 0. 

(b) ri „ — Y!]=\ a i,j decreases with ifor each n. 

In the following statement, we assume (v„) and (w n ) to be non-negative decreasing 
sequences with v\ = 1. 

Theorem 2.1 . Let H([l) be the Hausdorff matrix operator and p > 1. Then the Hausdorff 
matrix operator maps l p (v) into l p (w), and 

\ v„ J Jo 

< \\H\\ V , W>P < (™py-) * j\- l 'P&n(6). 
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Therefore the Hausdorff matrix operator maps l p (w) into itself, and 

\\h\Up= /V^e). 

Jo 

Proof. Letx be a non-negative sequence. Since (w n ) is decreasing, and applying Theo- 
rem 216 of [3 1, we have 

\\Hx\\ p w , P =iwj(t ( iZ] ) ([ 1 e k -\i-ey- k dm)x>) 



.7=1 U=l 



< I it ( iZ \) ( C ^(i - ey-*dm) wl /p Xk ) P 



< ( l e- 1 /"d M (0)j 



Hence 



<sup^ / 0- 1 /"d/i(0) 
Vj \Jo 



ftcllwj, < sup^ / 0-^(0) ||x|| v , p 



and so 



#|| W < SU P ^ / 0-^(0) 







It remains to prove the left-hand inequality. We take 
1 

0<5<-, x n = (n) p 
P 

and any positive e, where < £ < 1; and choose a, N, and 8 such that 

1 \ - 2/p 
1 + - >l-e, 
a J 



e-^ p dn(d) > (l-e) / 0" 1/p d^(0), n>N, 

n JQ 



£ w„xj?> (l-e)£w„x£. 

n=JV n=l 
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Since (x n ) 6 l p , and < v n < 1, we deduce that (x„) G l P (v). Also, we have 

(Hx) n =t[ n m ~_\ ) (^-'(i-flrw)^ 

> (l-e) 2 x„ f 1 d-^ p dn{d), n>N, 
Jo 



and so 



Hence 



w l J p {Hx) n > (1 - e) 2 W y p jc„ / Q-'^djuCe), n>N. 

Jo 



n=iV 

> (i - e) 2 " Qf 1 (r^w) " £w„^ 

=(l-e)w/vv'\iM(fl)y£%*s 

V-A) / „f 1 v„ 

> in f^ (1 _ e )2p+if f'e-VPdnid) 

V n \J0 



P \\4 p v , P - 



Since e is arbitrary, if e — ► 0, we have 



||//x||^>inf^ (jT'e-^^jyiWI^ 



and this completes the proof of the theorem. □ 
COROLLARY 2.1. 

Let p > 1 and p* = -^y. 77ze« Cesaro, Holder, Gamma and Euler operators map l p (w) 
into Ipiyv). Also, we have 

||C(a)||.,, = Sg±IEVg) , a>0: 
r 



\\H{a)\\ w , p = ^ jf 1 fl-^llogflr^dfl, a > 0; 

l|r(a)l|,v - /7 = ^T' a/,>1; 

||£(a)|| WiP = a- 1 ^, 0<a<l. 
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Proof. It is elementary. □ 

The following corollary is an extension of Theorem 326 (p. 239 of |4|). 
COROLLARY 2.2. 

If x and w are non-negative sequences and w is decreasing, then 

Proof. For Cesaro operator we apply Corollary 2.1 with a = 1. □ 
COROLLARY 2.3. 

IfH(n) is the Hausdorff matrix operator on l p and p> I, then 

\\h\\p = t e-^Pd^e). 

Jo 

Proof. By taking w n = 1 for all n, we have the corollary. □ 
COROLLARY 2.4. 

Let p > 1. Then Cesaro, Holder, Gamma and Euler operators map l p into l p . Also, we 
have 

\\H(a)\\ p = -±- /Yilloger-'dQ, a>0; 

U r («)llp = ^rr ap>1 ' 

\\E(a)\\ p = a- l/p , 0<a<\. 

Proof. It is elementary. □ 

Theorem 2.2. Let p > 1 and H(p.) be the Hausdorff matrix operator with condition (2). 
Then the Hausdorff matrix operator, H()l), maps d{w,p) into itself, and we have 

\\H\\d{ w , P ) = jT 1 0-VPdM(O). 

Proof. By Propositions 2.1 and 2.2, it is enough to consider non-negative decreasing 
sequences. For such sequences, we have Hi/xH^p) = ||i/x|| w .p, and so applying Theo- 
rem 1 . 1 , we deduce the theorem. □ 

Example. Suppose p > 1. Since T(l) = C(l) and they satisfy condition (2), we have 

l|r(i)|U( W>P ) = ||c(i)|U Kp) =^. 
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Also 



C(2) = 



1 

2/3 
3/6 
4/10 





1/3 

2/6 1 /6 

3/10 2/10 





1/10 



has condition (2) and so \\C(2) \\d( w ,p) = P*{^-p)* 



3. Matrix operators on d(w, 1 ) and e(w,°°) 

Here we consider the upper bound problem for matrix operators from d(v, 1 ) into d(w, 1), 
and matrix operators from e(w,°°) into e(v,°°). If x 6 d(w, 1), we denote norm of x with 
||x|| w ,i and if x € e(w,°°), we denote norm of x with ||x|| „,,<». We write ||A|| HV1 ,.i for the norm 
of A as an operator from d(v, 1 ) into d(w, 1 ), and \\A\\ w . Vt00 for the norm of A as an operator 
from e(w,°°) into e(v,°°), and ||A|| Wj i for the norm of A as an operator from d(w, 1) into 
itself, and 1 1 A | w ^ for the norm of A as an operator from e(w, °°) into itself. 

Theorem 3.1. Suppose A = (a ( ; -) is a matrix operator satisfying conditions (1), (2) ana? 
(3)-// 

SUp — < oo, 

w/zere 5„ = sH hs„ ami s n = Y%=\ Wk<ik,n and V n = V\-\ h v„, f/zen A is a bounded 

operator from d(v, 1) info rf(w, 1), ami aiso 

||^||v,w,l = su P§ i - 

Proof. By Proposition 2.1, it is sufficient to consider decreasing, non-negative sequences. 
Let x be in d(v, 1) such that xi > X2 > • • • > andM = sup ^. Then 

ll^llw.l = L W « L a n,kXk 
n=l \k=l J 



— Y* s nXn 
n=\ 

CO 

= ^ S n {x n — x n _|_i) 
n=l 

CO 

<M^y„(x„-x n+1 ). 

n=l 

Also, we have 

IW|v,l = Y, V n(Xn-X n+ i). 
n=l 
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Therefore 

\\Ax\\w,i <M||x|| Vjl , 

and hence 

To show that the constant M is the best possible constant in the above inequality, we take 
x\ = X2 = ■ ■ ■ = x n = 1 and x^ = for all k > n + 1. Then 

IW| v ,i = y„, \\Ax\\ wA = s n . 

Therefore 

||A|| v>w ,i=M. 

□ 

In the following statement we obtain norm of general matrix operator from e(w,°°) into 
e(v,°°). 

Theorem 3.2. Suppose A = is a matrix operator satisfying conditions (1), (2) and 
(3)-// 

sup — < °°, 

vv/zere Z„ = zH hz« and z n = IX=i w ka n ,k, then A is a bounded operator from e(w,°°) 

into e(v,°°), and also 

||A|| WiV)0 o = sup^. 

Proof. By Proposition 2.1, it is sufficient to consider decreasing, non-negative sequences. 
Letxbe in e(w,°°) such thatxi > X2 > ■ ■ ■ > and ||x|| W) oo = 1. Then 

X„<W ni Vn. 

Let y—Ax and c„j = £" =1 a, j. We have 

i=l i= l./=l 

OO 

7=1 
7=1 
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IfC = sup |a, then 

sup — < C, 
I'll 

and hence ||A|| WiVi00 < C. 

Since w e e(w,°°), \\w\\ w ^ = 1 and ||A(w)|| v ,oo = C, we have 

||A|| W ,V.oo = C. 

If A is a bounded matrix operator from e ( w, °°) into e ( v, °°) , then A' , the transpose matrix 
of A, is a bounded matrix operator of d(v,l) into d(w,l) and 

11^4 ||v,W,l = llAllw.l'.oo- 

□ 

Let (a n ) be a non-negative sequence with a\ > 0, and A„ = a\ H h fl«. The Norlund 

matrix N a = (a„,^) is defined as follows: 



a n ,k 



%*±i, \<k<n 

sin 



0, > n 

If a > 0, the Cesaro matrix C(a) is matrix A^ fl with 



n + a-2 
n-1 



The Copson matrix of order a is the transpose matrix of C(a), and we denote it with 
C'(a). Also we denote C = C(l) and C r = C*(l). 

In the following statements, we consider the norm of Cesaro and Copson matrices. It 
is enough to consider the sequence (^) instead of (y-), because of the well-known fact 
listed in the following lemma. 

Lemma 3.1. If m < ^ < M for all n, then m < y- < M for all n. 

Proof. It is elementary. □ 
PROPOSITION 3.1. 

Ifw n = - ana ' v " ~ ^Ta 01 — ^' ^ nen C(2) is a bounded operator from d(v, 1) ;nfo 
d(w, 1) and also C'(2) is a bounded operator from e(w,°°) into e(v,°°), and 

||C(2)|| VjB a H|C'(2)lkv~=2(a + l). 

Proof. We show that ^ < ^- for all n. Therefore applying Lemma 3.1, we deduce that 
|r < pr- = *i (a + 1), and by Theorem 3.1, we have 

||C(2)|| ViW ,i=2(o + l). 

Since 
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for all n, 



s n ~ 1 k-n + 1 

- = („ + o)£ T - 



< 2(n + a) £ 



< 



1) * 

1 

£,*(*+!) 
1 



2n £^+i) +2a li^+i) 



= 2 + 2a = — . 

vi 

This establishes the proof of the proposition. □ 
PROPOSITION 3.2. 

Ifw n = \ and v„ — ^ with < a < 1, f/zen C(2) ;'i a bounded operator from d(v, 1) into 
<i(w, 1) and also C'(2) is a bounded operator from e(w,°°) into e(v,°°), and 

||C(2)|| wl = ||C f (2)||^=2. 

Proo/ We show that ^ < 2 for all n. Therefore applying Lemma 3.1, we deduce that 
& < 2. For all n, 



1 ifc-n + l 



1) * 
1 

< 2„ a y - 

" &*(*+!) 
<2. 

Since ^ = 2, we have sup ^ = 2. This completes the proof of the proposition. □ 
COROLLARY 3.1. 



su pttLt <00 ' 



then the Cesaro matrix C is a bounded operator from e(w,°°) into e (v, °°) , and 
\\r\\ 1 V Wk 



Proof. By Theorem 3. 1, we have 

rt n 
1 1 v,w, 1 = SU P^7- 



Since i„ = ^ and ||C*|| ViW) i = ||C|| w ,v,°<» we have the corollary. □ 
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Theorem 3.3 . Suppose 
W„ 

r = sup — < oo. 
nv n 

Then the Copson operator C' maps d(v, 1) into d(w, 1) and 

l|C|| w i<r. 
Proof. Since s„ = ^ , we have sup ^ < r. Hence 

||C f || wl = S up§^<r. 

V n n 

Theorem 3.4. Suppose v n = \ andW„ =n i ~ a with < 05 < 1. Then the Copson oper- 
ator C' maps d(v, 1) into d{w, 1), and 

l|C|U,i = i. 

Therefore 

||c|k»,- = i. 

Proof. For all n, — = 1, and therefore r = 1. Hence 

■> «v„ 

||C|| V , W 1 <1- 

Since — = 1, we deduce that 

l!C||,v V ,i = i. 

□ 

Theorem 3.5. Suppose w n — -^ andV„ = n l ~ a with < a < 1. 77;en f/ze Cesaro opera- 
tor C maps d{v, 1 ) into d(w, 1), ant/ 

l|cmw,i<Y^C(l + a). 

Therefore the Copson operator C maps e(w,°°) ;«?o e(v,°°), ant/ 

l|C|| v ,,»< T ^C(i + «). 

Proof. By mean value theorem for all «, we have 

1 ^ <„'-«-(„ -l) 1 -" 



Since v„ (n-l) 1 -", 

ft 

s n n" 

— < i «n, 

v„ 1 — a 

and hence sup < j^— supn°\s„. 

The sequence (n a s„) is decreasing (Lemma 2.7 of |6|), and therefore 

s " / 1 1 >V1 , \ 
sup— < si = Q 1 + a . 

v„ 1 - a 1 - a 
This completes the proof of the theorem. □ 
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We recall that the Hilbert operator H is defined by the matrix 
1 



i + J 

Lemma 3.2. I/O < a < 1, then 
1 



^^(k + n) sin an 
Proof. It is elementary. □ 
In the following statement, we consider the upper bound of H. 

Theorem 3.6. Suppose w„ — ^ andV„ — n l ~ a where < a < 1. Then the Hilbert matrix 
operator H maps d(v, 1) into d(w, 1), and 

IT 

||#||v,w,l < 



(1 - ajsinaTT 

Therefore the Hilbert operator H maps e(w,°°) into e(v,°°), and 

WHW K 

(1- ajsinaTT 

Proof. We have ^ < -f^^n which is similar to the previous theorem. Applying 
Lemma 3.2, we have supn a s„ = ^ a7[ , and so 

f!L < ^ 

v„ — (1 — ajsinaTT 

This completes the proof of the theorem. □ 
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